There are four puzzling questions about by the magnitudes of neutrino mixings and mass splittings. A brief sketch is given of the various kinds of models of neutrino masses and how they answer these questions. Special attention is given to so-called "lopsided" models.
How mass ratios and mixing angles might be directly related can be seen easily from a 2 × 2 example [1] . Consider the matrix
This is diagonalized by R(θ) T MR(θ), where R(θ) is the 2 × 2 rotation matrix with tan 2θ = 2ǫ, or, for small ǫ, θ ∼ = ǫ. The large eigenvalue of M is obviously m 2 ∼ = m, while the fact that det M = −ǫ 2 m, tells us that other eigenvalue is m 1 ∼ = −ǫ 2 m.
Consequently, one has that θ ∼ = |m 1 /m 2 |. This can be compared to the old and famously successful relation for the Cabibbo angle tan θ c ∼ = m s /m d .
One should note that the matrix in this example is "hierarchical", by which we mean that the entries get smaller upward and to the left of any diagonal entry. Most realistic models of quark masses and mixings assume such hierarchical mass matrices.
For example, a recent model of Babu and Nandi [2] , which fits the data extremely well, has quark matrices of the form
a family hierarchy of neutrino masses, although it also possible that the neutrino masses are nearly degenerate and that only their splittings have a hierarchy.
Three Puzzles
In the basic facts about neutrino masses and mixings there are three features that appear puzzling in light of the conventional wisdom about quark masses and mixings.
Puzzle 1: Why are some θ ℓ ∼ 1 whereas all θ q ≪ 1 ? In grand unified theories the quarks and leptons are related, and one expects similar mass ratios and mixing angles for them. In models with flavor symmetry the same flavor symmetries generally control the quark and lepton mass matrices and give them similar structure.
Empirically, one indeed sees that the charged leptons have a mass hierarchy qualitatively similar to those of the up-type and down-type quarks. Another similarity is that the 13 mixing angle is by far the smallest in both cases (|V ub | ≪ |V us |, |V cb | and
In light of the expected and actual similarities of quarks and leptons it appears strange that at least one and probably two of the leptonic angles are large, while all the quark angles are very small.
Puzzle 2: How can there be small lepton mass ratios but large leptonic mixing angles? As we have seen, for the quarks the smallness of the mixing angles and mass ratios are generally thought to be related. For the charged leptons the mass ratios are certainly small, and for the neutrinos at least the ratios of mass splittings are small, and yet the leptons are very strongly mixed.
Puzzle 3: Why are two leptonic angles large but the third (θ ℓ 13 ) small? If all the leptonic angles were of order unity it might suggest that all the entries of the neutrino mass matrix M ν were of the same order, as would typically be the case if it were a "random" matrix, as has indeed been suggested [5] . However, such a matrix would not generally give a hierarchy of neutrino mass splittings, nor would it generally yield a 13 mixing angle much smaller than the others. The smallness of θ ℓ 13 and largeness of the other leptonic angles suggests that the leptonic mass matrices have quite special forms. To see what those forms might be let us consider the following product of rotation matrices:
One sees that even if θ atm and θ sol are both large this matrix has the property that the 13 element vanishes. Thus Puzzle 3 is resolved if one has that
There are three simple possibilities:
Both large mixing angles come from M ν , whose diagonalization involves first a large 23 rotation and then a large 12 rotation.
Both large mixing angles come from M L , whose diagonalization involves first a large 12 rotation and then a large 23 rotation.
The large atmospheric angle comes from M L , and the large solar angle comes from 
. In see-saw models, then, the neutrino masses have fundamentally the same origin as the charged lepton and quark masses, namely they come from the existence of both left-and right-handed components coupled together by the doublet Higgs field (or fields).
In non-see-saw models there are no right-handed neutrinos. The masses of the neutrinos therefore have to arise in some other, completely new way not directly related to mass generation for the charged leptons and quarks. Many such mechanisms have been proposed [6] . Three popular ones are the Zee mechanism, R-parity violation in SUSY models, and triplet Higgs.
In the Zee mechanism [7] , there exists a singly charged, singlet scalar field h + , which can couple to a pair of lepton doublets (h + L i L j ) and to a pair of Higgs doublets In theories with low-energy supersymmetry, the neutrinos can acquire mass by coupling to a neutralino that plays the role of right-handed neutrino. The scalar that couples the neutrino to the neutralino is the sneutrino, which is able to obtain a nonzero vacuum expectation value if R-parity is violated. R-parity violation also allows superpotential terms of the type LQD c and LLE c , which give one-loop neutrino masses when the sleptons and squarks are integrated out.
Finally, if there is a triplet higgs field T with Standard Model quantum numbers (1, 3, +1), then it can have a renormalizable coupling to a pair of lepton doublets (T L i L j ) that gives a tree-level neutrino mass.
The great advantage of such non-see-saw mechanisms is that they automatically provide a very plausible answer to Puzzle 1: the lepton mixing angles differ so dramatically from the quark mixing angles simply because M ν has a very different origin than M U and M D . We will now look at specific non-see-saw ideas to see how they resolve the other Puzzles.
Inverted Hierarchy Models. In inverted hierarchy models the neutrino mass matrix has approximately the following form:
with A ∼ B. This can arise in various ways. In the Zee model the one-loop mass matrix is symmetric with vanishing diagonal elements. If for some reason the 23 (32) elements are smaller than the others, the form in Eq. (4) results. It can also result
One can diagonalize the large elements A and B in Eq. (4) by two successive large rotations. First, one can rotate in the "23 plane" by angle
to eliminate the 13 and 31 elements. Then one can rotate in the "12 plane" by θ 12 ∼ = π/4 to eliminate the 12 and 21 elements:
Note that this sequence of large rotations is precisely Solution A of Puzzle 3. Even though the hierarchy of neutrino masses is inverted here, in the sense that m 3 is the smallest, the near degeneracy of |m 1 | and |m 2 | gives the correct hierarchy of splittings,
atm , thus resolving Puzzle 2. Factorized Mass Matrix Models. In some models M ν has approximately the form 
where θ 12 = tan −1 1 = π/4 and θ 23 = tan In all three kinds of non-see-saw model we have discussed we see that θ sol ∼ = π/4
(maximal mixing), whereas θ atm is only predicted to be large, but not nearly maximal (though it may be by accident). Curiously, the empirical situation is just the reverse.
It is θ atm that is observed to be close to maximal. (The best-fit value is sin 2 2θ atm =
1.0.) This is our fourth puzzle:
Puzzle 4: Why is θ atm so close to maximal? It is not an accident that many models predict θ sol to be nearly maximal while very few models [8] exist where θ atm is. The reason is essentially the following. The simplest way to arrange that a mixing angle is nearly maximal is to assume that the relevant 2 × 2 block of the 3 × 3 mass matrix is pseudo-Dirac. The diagonalization of such a matrix leads to nearly degenerate masses, which is to say, very small δm 2 . For example, suppose one considers the matrix 
See-saw Models
See-saw models have three great advantages over non-see-saw models. First, they do not have to invent an exotic mechanism for generating neutrino mass. There is nothing exotic about right-handed neutrinos, which indeed have to exist in most kinds of gauge-unified models (SU(5) being an exception). Indeed, grand unification, which is well motivated on other grounds, naturally leads to see-saw neutrino masses. 15 GeV, which is very close to the GUT scale known from running of the gauge couplings. By contrast, in non-see-saw models the neutrino mass scale depends on many parameters about which virtually nothing is known even as to their order of magnitude. Third, see-saw/GUT models tend to be far more predictive than most non-see-saw schemes.
At first glance, Puzzle 1 seems especially puzzling in the context of see-saw/GUT models, since grand unification closely relates quarks and leptons. And it is certainly true that historically the great majority of GUT models predicted leptonic mixing angles of the same order as the CKM angles. Looking more closely, however, we see that this need not be the case. Indeed, there is a beautiful way to resolve Puzzle 1 in the see-saw/GUT framework.
All grand unified gauge groups contain SU(5) as a subgroup, and SU (5) it relates the CKM angles to some unobserved mixing of right-handed leptons, and the MNS angles to some unobserved mixing of right-handed quarks. Consequently, it is perfectly possible for the CKM angles to be small and the "corresponding" MNS angles large if the mass matrices M L and M D are highly left-right asymmetric or "lopsided" [9] . We can see this in a simple toy model.
Consider an SU(5) model with mass terms for the second and third family given by λ(10 3 5 3 + σ10 3 5 2 + ǫ10 2 5 3 ) 5 H , with ǫ ≪ σ ∼ 1. The mass matrices M L and
where the dashes are small entries for the first family coming from other terms. There is an interesting feature of the quark and lepton mixings that is explained very elegantly by such lopsided "textures" as in Eq. (10). Many models are based on symmetric "textures" that are extensions of the 2 × 2 matrix shown in Eq.
(1).
As we saw, such textures tend to relate the mixing angles to the square-roots of mass ratios. A typical prediction for the quarks is
The first term on the right-hand side is about 0.14, and the second about 0.05, whereas V cb ∼ = 0.04, so that the prediction for V cb of such symmetric-texture models tends to be about a factor of 2 or 3 too large. The analogous relation for leptons is
Here the first term on the right-hand side is 0.24, and the second less than about 0.1 (assuming hierarchical neutrino masses, so that m 3 ∼ = δm 2 atm and m 2 ∼ = δm 2 sol ), whereas U µ3 ∼ = 0.7. Thus the prediction for U µ3 in such symmetric-texture models tends to be about a factor of 2 or 3 too small. That symmetric textures give V cb too large and U µ3 too small by about the same factor is readily explained by the assumption that the textures are in reality not symmetric but lopsided. We see from however, the qualitative argument just given still applies.)
I said that see-saw/GUT models are in general more predictive than non-see-saw models. And, indeed, simple and highly predictive SO(10) models that are very similar (for the second and third families) to the toy model just described have been constructed [10] . In fact, many models based on lopsided mass matrices now exist in the literature [6] .
Note the very important point that in such lopsided models the large atmospheric neutrino angle comes from the charged lepton mass matrix M L rather than from M ν .
This shows how such models resolve Puzzle 2. In lopsided models the reason why some of the neutrino mixing angles can be large even though all the neutrino mass ratios are small is that large neutrino mixing angles can be caused by large off-diagonal elements in M L (here σ) whereas the neutrino mass ratios obviously are determined entirely by M ν .
How can lopsided models resolve Puzzle 3? There are two interesting and simple possibilities. One possibility is that the large θ atm arises from M L as just described, but that the large θ sol arises from M ν . This corresponds to Solution C. Such models are very easy to construct [11] . The other possibility is that both of the large angles θ atm and θ sol come from lopsidedness in M L [12] . Consider the following matrix 
